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OUTLINE

Outline of the talk
I What is nonparametric Bayesian inference?
I What are some examples of nonparametric priors?
I Dirichlet Process priors.
I Application to cost modeling.
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WHAT IS NONPARAMETRIC BAYES?

Y1,Y2, . . . ,Yn | G ∼ G

How to do inference on G?

I Parametric Inference: G = Gω.

Gω = N(µ, φ), ω = (µ, φ)

I Prior over ω → prior over Gω .
I Posterior over ω → posterior over Gω

I Nonparametric Inference: fewer restrictions on form of G.
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WHAT IS NONPARAMETRIC BAYES?

GN = {N(µ, φ) : µ ∈ R, φ ∈ R+}

G G
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WHAT IS NONPARAMETRIC BAYES?

Consider the regression problem

Yi | Xi ∼ N
(

f (Xi), φ
)

E[Y | X] = f (X)

How to do inference on f ?

I Parametric Inference: f = fω.

fω(X) = X′ω

I Prior over ω → prior over fω .
I Posterior over ω → posterior over fω

I Nonparametric Inference: impose less structure on f .
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WHAT IS NONPARAMETRIC BAYES?

Inference for unknown function f (x),

FL = {f : f (x) = x′ω, ω ∈ Rp}

F f
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WHAT IS NONPARAMETRIC BAYES?

Our working definition for this talk
I Nonparametric priors: over infinite dimensional spaces.
I Parametric priors: over finitely dimensional spaces.

Key advantages:
I Flexible: avoids restrictive modeling assumptions.
I Principled: well-defined, probabilistically valid shrinkage.
I Uncertainty quantification: not just point estimation.
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SOME NONPARAMETRIC PRIORS...

I BART: prior over tree functions.
I Chinese Restaurant Process: prior over partitions.
I Dirichlet Process: prior over probability distributions.
I Gaussian Process: prior over functions.
I Gamma Process: prior over non-decreasing functions.
I Much, much, more ...
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BAYESIAN ADDITIVE REGRESSION TREES

Tree Tj with terminal node parameters Mj = {η1, η2, η3, η4}
X1 > τ1

η1 X1 > τ2

X2 = 1

η2 η3

η4
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BAYESIAN ADDITIVE REGRESSION TREES

Prior on tree depth, d: Probability that node at depth d is
non-terminal

α

(1 + d)β

For α ∈ (0, 1) and β ≥ 0
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BAYESIAN ADDITIVE REGRESSION TREES

Inference for unknown regression function f (X),

f (X) =

m∑
j=1

fj
(
X; Tj,Mj

)
I Sum of m trees.
I fj(·) maps X to some ηk ∈Mj of tree Tj

Putting it all together, we say

f ∼ BART
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BAYESIAN ADDITIVE REGRESSION TREES
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PRIOR OVER PARTITIONS

Consider problem of clustering {y1:n}

yi | µci , ci ∼ N(µci , φ)

µci ∼ G

I Want inference on c1:n = (c1, c2, . . . , cn).
I How to specify a prior over c1:n?

I Equivalently: how to specify a partition of set {1, 2, . . . ,n}.
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CHINESE RESTAURANT PROCESS

p(c1:n) = p(c1)p(c2 | c1)p(c3 | c1, c2) . . . p(cn | c1:n−1)

= p(c1)

n∏
i=2

p(ci | c1:i−1)

I c1 = 1
I For i > 1,

p(ci = j | c1:i−1) =

{ ni−1,j
α+i−1 j ∈ c1:i−1
α

α+i−1 j /∈ c1:i−1
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CHINESE RESTAURANT PROCESS

This process generates a random partition.

c1:n ∼ CRP(α)
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TO RECAP...
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APPLICATION TO MEDICAL COST MODELING
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WHAT ARE OUR OPTIONS?

Observed data D =
{

Yi,Xi = (Ai,Li)
}

i=1:n

Yi | Xi, ω ∼ π
(
X′iγ
)
δ0 (Yi) +

(
1− π

(
X′iγ
))
· p+ (Yi | Xi, θ)

Define ω = (γ, θ)

I π(·) = expit(·) or π(·) = Φ(·)
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WHAT ARE OUR OPTIONS?

Yi | Xi ∼ π
(
X′iγ
)
δ0 (Yi) +

(
1− π

(
X′iγ
))
· p (Yi | Xi, θ)

Define ω = (γ, θ)

I E.g. p+ (Yi | Xi, θ) is Normal with θ = (β, φ)

E[Y | Xi, β] = X′iβ

I E.g. p+ (Yi | Xi, θ) is log-Normal with θ = (β, φ)
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X′iβ +
φ
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A NONPARAMETRIC APPROACH

Yi | Xi, ω ∼ π
(
X′iγ
)
δ0 (Yi) +

(
1− π

(
X′iγ
))
· p+ (Yi | Xi, θ)

I Very restrictive structure assumed.
I Are covariate effects really linear? additive?
I Interactions? Multimodality? Skewness?
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A BAYESIAN NONPARAMETRIC APPROACH...

Go high-dimensional: ω → ωi = (γi, θi)

Yi | Xi, ωi ∼ π
(
X′iγi

)
δ0 (Yi) +

(
1− π

(
X′iγi

))
· p+ (Yi | Xi, θi)

ω1:n | G ∼ G
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A NONPARAMETRIC PRIOR OVER DISTRIBUTIONS

ω1, . . . , ωn | G ∼ G

Nonparametric prior on G

G | α,G0 ∼ DP(αG0)

I Each “realization” or “draw” is a random distribution.
I G0: mean of these realizations.
I α: controls dispersion/spread around G0.
I Distributions draw from the DP are discrete.
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THE DIRICHLET PROCESS

G | α,G0 ∼ DP(αG0)
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PÓLYA URN PROCESS

Conditional posterior of ith subject

p
(
ωi | ω1:(i−1),G0, α

)
∝ α

α+ i− 1
G0(ωi) +

1
α+ i− 1

∑
j<i

I(ωi = ωj)

I Data adaptive.
I Posterior clustering.
I Flexible predictions by ensembling cluster-specific models.
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MCMC INFERENCE VIA AUXILIARY PARAMETERS

Auxiliary variable scheme via c(m)
1:n at iteration m.

1. Update c(m)
1:n | ω

(m−1)
1:n ,D.

2. Update ω(m)
1:n , | c

(m)
1:n ,D.

Output: Posterior draws
{
ω
(m)
1:n , c

(m)
1:n

}
1:M
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MCMC INFERENCE VIA AUXILIARY PARAMETERS
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DATA DESCRIPTION

I Data source: SEER-Medicare.
I Endometrial cancer patients (N≈1,000).
I Treatment: post-hysterectomy radiation vs. chemotherapy.
I Outcome: Total inpatient costs over 2 years.

I Skewed, zero-inflated
I Chemo arm: 15% zeros; RT arm: 8%

I Covariates: tumor grade, cancer stage, CCI.
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SAMPLE CHARACTERISTICS
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PREDICTIONS
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POSTERIOR CLUSTERING
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THANK YOU!
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